A cable-stayed bridge model under crowd excitation is established in this paper by considering the geometric nonlinear property of the cables. Lateral vibrations of the model are investigated by employing the center manifold theory, and the first-order approximation solution of the periodic vibration of the bridge is derived by using the energy method. Numerical simulations are carried out to verify the validity of our analytical expressions. Our research shows that the existence of the cables can reduce the amplitude and frequency of the bridge, especially for the large amplitude case. This might explain why measured data of a cable-stayed bridge (T-bridge in Japan) vibrating under crowd excitation are much less than the theoretical results reported in previous studies in which the cable-stayed bridge is viewed as a single-degree-of-freedom system. Our analysis results suggest that the structure types of footbridges should not be easily ignored in the study of pedestrian-footbridge interaction.
Introduction
In the last decade attention has been focused on the lateral vibrations of footbridges induced by pedestrians since the London Millennium Bridge was opened on 10 June 2000 [1, 2] . After that, more and more excessive lateral vibrations of footbridges in various structures have been reported, including suspension bridges [3, 4] , arch bridges, truss bridges [1] , and cable-stayed bridges [5] . It seems that the occurrence of excessive lateral vibrations of a footbridge is independent of its structure type.
The mechanisms of the lateral vibrations of footbridges exerted by pedestrians have been paid lots of attention in recent ten years. Plentiful of experiments suggested that the lateral vibrations of footbridges are caused by the zigzag movements of pedestrians. When pedestrians on a footbridge step with their right and left feet in turn, the gravity center of their bodies has a lateral oscillation, which induces lateral dynamic time-varying forces on the surface of the bridge. As a consequence the bridge begins to sway laterally. The pedestrians instinctively feel more comfortable to walk in synchronization with the lateral motion of the bridge, which further increases its response. The frequency of the lateral force induced by pedestrians is about between 0.7 and 1.2 Hz [6] . If the natural frequency of the bridge is within the range of the lateral walking frequency, direct resonance between pedestrians and the footbridge may be achieved [5] . If there exists a 2 : 1 ratio between the vertical and lateral mode frequencies of the bridge, internal resonance [3, 7] is possible. The energy may flow from the vertical mode to the lateral mode due to structural nonlinearities. Dynamic interaction mechanisms have attracted much interests in past decade because they allow the research for the critical number of pedestrians. A lot of dynamic models describing the interaction between pedestrians and a footbridge have been proposed to understand the occurrence of excessive lateral vibrations of the footbridge [1, 4, [7] [8] [9] [10] [11] . To explain the occurrence of lateral vibrations with 0.48 Hz in the Millennium Bridge, Piccardo and Tubino [12] proposed the parametric excitation mechanism by assuming that the lateral pedestrian-induced force is proportional to the lateral bridge displacement. The above research for dynamic interaction suggested that the key to lateral vibration problem mainly lies in the measurement and/or modeling of the lateral force exerted by pedestrians on footbridges. However, the force exerted by pedestrians is generally tackled by using an empirical approach; strict and exact mathematical models are not available yet.
On the other side, in almost all dynamic models proposed to describe the interaction between pedestrians and a footbridge, the footbridge always is simplified as a singledegree-freedom system. On an intuitive level, such simplification may not be rational to all types of footbridges, for example, suspension bridges and cable-stayed bridges. In fact, McRobie et al. [13] experimentally investigated the "lock-in" phenomenon by constructing a section model with cables and bridge deck. Zhou and Ji [14] theoretically and experimentally analyzed a generalized suspension system developed from the section model. Their research showed that cables have great influence on free vibrations of the suspension system, whereas the dynamic behaviour of the suspension system under crowd excitation has not been considered. Cablestayed bridges are important engineering structures widely applied all over the world. A cable-stayed bridge consists of a deck suspended from stay cables and supported on piers and towers. Geurts et al. [15] reported that Erasmus bridge in Netherlands, opened to the public for just two months in 1996, had to be closed because of the large amplitude vibrations of the cables. Lilien and Pinto Da Costa [16] found that a dynamic instability of the cables may occur due to small periodic movements of the girder and the masts. Fujino et al. [5] argued that cables may have intensive vibrations induced by deck when the natural frequency of the cables approximates to half natural frequency of the deck. Nevertheless, seldom theoretical analysis for cablestayed bridges with nonlinear couples between cables and deck under crowd excitation has been carried out.
The paper focuses on the lateral vibrations of a cablestayed bridge under crowd excitation. The cable-stayed bridge model consists of cables and deck which are nonlinearly coupled. Nakamura's assumption [4] is adopted to model the lateral force induced by crowd excitation. We will pull all our emphasis on whether and how the cables affect the lateral vibrations of the deck under crowd excitation. The rest of the paper is organized as follows: the governing equation of the pedestrian-bridge system is established in Section 2; the qualitative and quantitative analysis for the governing equation are presented in Sections 3 and 4 respectively; numerical verifications and discussion are demonstrated in Section 5; conclusions are drawn in Section 6.
The Governing Equation
The cable-stayed bridge model investigated in this paper is illustrated in Figure 1 , in which line represents cables and the rigid block of the deck. Line has a length , mass 1 , stiffness , tension 0 , and damping coefficient 1 . For simplicity all the matters in line are assumed to be together in the center of mass (point ). The rigid block has a mass 2 , stiffness , and damping coefficient 2 . Assume that the lateral displacements of point and the rigid block are 1 and 2 , respectively.̇1 ,2 ,̈1 ,2 represent corresponding velocities and accelerations, respectively. The lateral force induced by pedestrians on the bridge is denoted by .
According to Nakamura's assumption [4] , is given by
where coefficient 1 is the ratio of lateral force to pedestrians' weight; coefficient 2 is the percentage of pedestrians who synchronize to bridge vibration; is modal self-weight of pedestrians; ( ) is a function describing how pedestrians synchronize with the natural frequency of a bridge; and (̇2) is a function that describes the pedestrians' synchronization nature. Nakamura assumed that the pedestrians synchronize proportionally with the deck velocitẏ2 at low velocities. When the deck velocity becomes large, pedestrians feel uncomfortable and then they decrease their walking pace which limits the deck response at a certain level rather than infinite one. Based on the analysis of Zhen et al. [17] , (̇2) can be expressed as
in which the coefficient 3 indicates the saturation rate of the pedestrian-induced force. By applying Newton's second law of motion and considering the geometric nonlinearity of the cables, the governing equation of the cable-stayed bridge under crowd excitation is derived as follows:
According to the physics meanings, 1,2 , 1,2 , 1,2 > 0. Furthermore, we assume that 2 > 2 in the following analysis.
Qualitative Analysis for the Cable-Stayed Bridge Model
By letting
(3) can be rewritten aṡ
Obviously, (0, 0, 0, 0) is an equilibrium of (5). The characteristic equation of (5) near the origin is
where = 3 − 2 . Since , , > 0, = 1, 2, it is easy to verify that (5) has a stable origin if < 0 and an unstable one if > 0. When = 0 (6) has a pair of purely imaginary roots:
Regarding as a function of in (6) and taking the derivative of with respect to , one has
Substituting = ± √ 2 and = 0 into (7) yields
According to Hopf bifurcation theory, system (5) undergoes a Hopf bifurcation near = 0, and a limit cycle appears when > 0. This means that periodic vibrations occur in the cable-stayed bridge model under crowd excitation. To further determine the stability of the limit cycle, we employ center manifold theory to analyze system (5). If = 0, (6) has a pair of purely imaginary roots and two negative real roots, which satisfies the condition for center manifold theory. Assume that a local center manifold can be expressed by
where ℎ 1 and ℎ 2 are vector functions of nonlinear terms of 3 and 4 . Assume that 1 and 2 can be transformed into power series (10) into (5) and setting the coefficients of each power of 3,4 equal to zero would yield the following set of equations:
2 )] ,
2 ) , 
Then the control equations on the center manifold are given bẏ3
(13) can be rewritten aṡ=
When = 3 − 2 = 0, the first Lyapunov coefficient of system (13) can be calculated
The first Lyapunov coefficient is less than zero, which means that original system (5) undergoes a Hopf bifurcation near = 0 and a stable limit cycle occurs. To discuss the dynamic response of cables and its influence on the deck in greater detail, we will analytically calculate the periodic solution in system (3) in next section.
Quantitative Analysis for the Cables-Stayed Bridge Model
In this section we use the energy method [18] to calculate the periodic solution of (3).
(1) Denote
Considering the physics meanings of parameters in (3) and assuming that the vibration amplitudes are not too large (| 1,2 | < 1 ), one has
Therefore, the energy method can be applied to (3) to calculate its approximation periodic solution.
(2) The potential energy functions of system (3) can be expressed by
2 ) .
(20) ( ), = 1, 2, are even functions; thus 1,2 = 0 hold [18] . The coordinate change formulas can be written as = cos ( ) , ( = 1, 2) ,
Ignoring the terms of the harmonic expansions higher than the second, the coordinate change formulas can be simplified aṡ1
where
(3) Denote the energy of 1 and 2 by 1 and 2 , respectively. 1 / and 2 / can be calculated, in which the terms of the harmonic expansions higher than the second will be ignored: 
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(4) 1 / and 2 / are given by 
(5) Letting
and substituting them into (24), (26), yields
If there exists a periodic solution with period 2 / in (3), then the energy of the system should remain the same at initial and finial positions in one period. Integrating both sides of (29) in one period (from = Δ to = Δ + 2 / ) leads to 
For clarification, the amplitude can be rewritten as * 2 = 4 √
where = 1 2 ( ) and 3 − 2 > 0. (6) The first-order approximation solution of (3) is expressed by
where * 2 is given in (34).
Numerical Simulations and Discussion
In this section we will verify the validity of our analytical solutions obtained in the last section by comparing the results based on (35) with that derived by direct numerical simulations for (3). The following parameters of deck and pedestrians are taken to calculate the periodic solutions in ( 
In fact, above values of parameters are used in [17, 19] for the first lateral model of the T-bridge in Japan. Furthermore, the weight of a single person on the bridge is assumed to be 70 (kg); the gravity acceleration = 9.8 (m/s 2 ). The modal mass of pedestrians can be given by = × 70 × 9.8, where is the number of the pedestrians on the bridge. Additionally, according to [19] , the average length of the cables is taken as = 60 (m). However, other parameters of the cables, such as stiffness, damping coefficient, and mass, are not provided in [19] . In order to compare the theoretical results of T-bridge between our cable-stayed bridge model and Nakamura's model, following parameters of cables are assumed in the numerical simulations: 
Regarding the number as the bifurcation parameter, one has In the following, the analytical results based on (35) are compared with that obtained by direct numerical simulations of (3) for cases of = 118, 125, 130, and 135, respectively, which are shown in Figure 3 . It shows good agreement between the two approaches for near bifurcation point = 115. However, the precision of the first-order approximation solution is lost when is considerably larger than the value of the bifurcation point. In this case, second-order or more order approximation is needed to be calculated for higher precision of the analytical solution.
Since the validity of (35) has been verified, in the rest of the section we will consider the behavior of system equation (3) on varying the parameters based on (35). From (35), the amplitude of the lateral vibration of a cable-stayed bridge under crowd excitation has nothing to do with the mass, tension, and damping coefficient of the cables. But the existence of the cables can decrease the amplitude of the deck since the term of / 3 appears in the denominator. This means that the theoretical results of the vibration amplitude of the deck derived by using (3) are less than that obtained by using Nakamura's model in [19] . For the first lateral model of the T-bridge, the theoretical result is higher by 49% than the measured data. Nakamura considered that the reason is the uncertainty of measurements of parameters such as modal mass, stiffness, and damping coefficient of the deck. However, only using a dating error is difficult to explain such a big difference between theoretical results and measured data. Equation (35) shows that neglecting the structural type of the cable-stayed bridge may be an important cause of the difference between theoretical and measured results. Furthermore, from (35) the frequency of the lateral vibration of the deck also decreases due to the existence of the cables. The curves about the change of the amplitude and frequency of the deck with the term of / 3 for different numbers of pedestrians are given in Figure 4 based on (35), in which the parameters of deck and pedestrians presented in (36) are adopted. From Figure 4 , the more the pedestrians on the bridge are the faster the vibrational frequency decreases with / 3 which is increased. Figures 5 and 6 present the curves about the change of the amplitude and frequency of the deck with the terms of 2 ,
Conclusions
In this paper, the lateral vibrations of a cable-stayed bridge under crowd excitation are investigated theoretically and numerically. In our study, the cable-stayed bridge is simplified as a string and a rigid block, and the pedestrian-induced force model is satisfied with Nakamura's assumption. The governing equation of our model is established by taking the geometric nonlinear property of the cables into account. Center manifold theory is employed to determine the critical condition that periodic vibrations of the bridge occur. Then first-order approximation solution of periodic vibrations of the deck is calculated by using the energy method, the validity of which is verified by using direct numerical simulations. Our analysis shows that cables can have no periodic vibration even if the deck loses its stability and begins to sway, but cables can affect the amplitude and frequency of the lateral vibration of the deck. From the first-order approximation solution equations (34) and (35), the mass, damping coefficient, and tension of the cables have no effect on the lateral vibrations of the deck. However, existence of the cables always reduces the amplitude and frequency of the lateral vibrations of the deck. With the bifurcation parameter far away from the bifurcation point, the cables have a growing influence on both amplitude and frequency of the deck. Our analysis results may be used to explain why the measured results for T-bridge (a cable-stayed bridge) derived by Nakamura and Kawasaki [19] are much less than their theoretical results calculated by regarding the T-bridge as a single-degree-of-freedom system. This indicates that the structure types of the footbridges cannot be easily ignored in the study of pedestrian-footbridge interaction.
